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Abstract 

Imposing the Petrov-lilte boundary condition on the hypersurface at hnite cutoff, we derive the 
hydrodynamic equation on the hypersurface from the bulk Einstein equation with electromagnetic 
field in the near horizon limit. We first get the general framework for spacetime with matter field, 
and then derive the incompressible Navier-Stokes equations for black holes with electric charge and 
magnetic charge respectively. Especially, in the magnetic case, the standard magnetohydrodynamic 
equations will arise due to the existence of the background electromagnetic field on the hypersurface. 
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I. INTRODUCTION 



Under the long wavelength limit, the correspondence between the bulk gravity and the 
fluid living on the horizon was firstly discovered by Damour[l|. He investigated the surface 
effects in black hole physics and disclosed the similarity of the behavior of the excitations 
of a black hole horizon to those of a fluid. After a series of studies, the fluid/gravity 
correspondence was extended to the boundary at infinity in the context of AdS/CFT 
correspondence 2|-|l7j . Traditionally, this correspondence was constructed by directly dis- 
turbing the bulk metric under the regularity condition of the horizon. It was shown that 
in a long wavelength limit, the remainin g d ynamics on the boundary is governed by the 
incompressible Navier-Stokes equation 18N21|. 



In 



24| . Lysov and Strominger firstly studied the fluid/gravity correspondence by imposing 



the Petrov-like condition on the cutoff surface in the near horizon limit and found that the 
constraint equations for gravity can give rise to the incompressible Navier-Stokes equation 
for a fluid living on a flat spacetime with less one dimensions. In this sense the Petrov-like 
condition is of a holographic nature. Later, this framework was generalized to describe a 
dual fluid living on a cutoff surface that is spatially curved in 26|. In this case the Navier- 
Stokes equation receives contributions from the curvature of the hypersurface. In 27|, the 
holographic nature of the Petrov-like condition was further disclosed in a spacetime with 
a cosmological constant. Based on all the work above, it is reasonable to conjecture that 
in the approach of fluid/gravity duality, imposing the Petrov-like condition on the cutoff 
surface is equivalent to imposing the regularity condition on the future horizon at least in 
the near horizon limit. However, technically, imposing Petrov-like condition is much simpler 
than imposing the regularity condition. 

In this paper, we will generalize this framework further to a spacetime with matter fields. 
In general, the presence of matter fields in a system involves more degrees of freedom. 
Therefore, the key issue that we need to solve is what kind of boundary condition should be 
imposed for matter fields on the cutoff surface such that the remaining degrees of freedom 
on the surface can lead to a right correspondence between the fluid and gravity. We will 
take the electromagnetic field as an example and investigate how to constrain its degrees 
of freedom so that the remaining degrees of freedom of the Einstein-Maxwell fields exactly 
matches those of a charged fluid 22, l23|| . Under this framework, we explicitly show that 
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the (magneto)hydrodynamics of the dual charged fluid is governed by the incompressible 
Navier-Stokes equations, where an external force will arise if a background electromagnetic 
field exists on the cutoff surface. 

We organize the paper as follows. In section 11, we firstly construct the general framework 
for imposing Petrov-like condition on the cutoff surface with matter fields, and then propose 
a boundary condition for the electromagnetic field on the cutoff in detail. In section 111, we 
apply the framework to the charged AdSp+2 black brane and then derive the incompressible 
Navier-Stokes equation on a fiat hypersurface in the near horizon limit. In section IV, 
we consider a spacetime with Reissner-Nordstrom-AdS (RN-AdS) background in which the 
embedded hypersurface is intrinsically curved. In section V, the magnetic black hole is 
considered. We find an external force will arise due to the existence of the background 
electromagnetic field on the hypersurface. Our main results and conclusions are summarized 
in Section VI. In appendix A, we present a detailed calculation on the perturbations of the 
electromagnetic field. Appendix B is on the specific forms of the Hamiltonian constraint in 
the background of charged AdS black brane and RN-AdS spacetime, respectively. 

II. THE GENERAL FRAMEWORK FOR A SPACETIME WITH MATTER 
FIELDS 

We construct the general framework for imposing the Petrov-like condition on the cutoff 
surface in the presence of matter. Our general setup is following. Firstly, we require that the 
dynamics of the p+2 dimensional bulk spacetime is subject to the standard Einstein equation 
with matter. Secondly, the background contains a Killing horizon. Then given an embedded 
hypersurface which has a finite distance from the horizon, we consider the perturbations of 
the extrinsic curvature as well as the matter fields on the cutoff surface under appropriate 
boundary conditions. In this section we will consider the boundary condition for gravity at 
first, and then for Maxwell field later. 

For the gravity part such a boundary condition is proposed to be the Petrov-like condition. 
It should be noticed that the Petrov conditions in its original form are proposed to classify 
the geometry of the whole spacetime such that it can be defined at each point in the bulk 
spacetime. For our purpose we only specify this condition on the cutoff surface, therefore 
the first thing we need to do is decomposing the p + 2 dimensional Weyl tensor appearing 
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in Petrov-like conditions in terms of the p + 1-dimensional quantities, which includes the 
intrinsic curvature and extrinsic curvature of the hypersurface as well as the induced metric 
on it. 

Consider a p + 2 dimensional spacetime with bulk metric g^j^y which satisfies the Einstein 
equation with matter 

R 

G^,u = R^,y - —g^j^y = -kg^,y -T^,y, (/i, z/ = 0,...p+ 1). (1) 

Here A is a cosmological constant, and T^j, is the energy- momentum tensor of matter fields. 

Now we embed a timelike hypersurface Sc with induced metric hab into this spacetime. 
The momentum constraints on Sc then could be written as 

DaK'^-D,K = -T,,n^^, {a,b = 0, ...p), (2) 

where Kab is the extrinsic curvature of and the covariant derivative operator D is com- 
patible with the induced metric, namely Dah^c = 0. Besides, the Hamiltonian constraint on 
Sc has the form 



P^^R + K^'^'K^y - = 2A + 2T^yn^'vy 



These constraints give p + 2 equations of Kab- Next we decompose the p + 2 dimensional 
Weyl tensor in terms of the intrinsic curvature and extrinsic curvature of the hypersurface.lt 
turns out that the results are 

_ 4(A + T) , 2 _ 

4(A + T) 

P[P+1) 

2 

+-Khbh2haiga[^Ts]^ - gi3[^Ts]^), (4) 
2 

Cabc(n) = DaKbc — DfyKac + -h2h'lh2{ga[^Ts]i3 — gi3[-yTs]a)n^ , (5) 
Ca{n)b{n) = — Rab + KKab " KacK^ + h^hlRa-y ^ hab 

2 

+ -KKi9a[jTs]i3 - gi3[^Ts]a)n^n\ (6) 

Here n^" is the unit normal vector of and Cabc(n) = Cabc^in^, Ca{n)b{n) = Caf.bun^n", T = T>'^. 
The Petrov-like conditions is defined as 

C{i)i{i)j = Fm''il„m''jC^y„p = (7) 



on the hypersurface Ec. Here the p + 2 Newman- Penrose-hke vector fields should satisfy the 
relations 

f = e = 0, {k, I) = 1, (A;, m,) = (/, m,) = 0, (m\ mj) = S}. (8) 
Furthermore, if we introduce the Brown- York tensor on the hypersurface which is defined 

as 

tab = Khab - Kab, (9) 

then with equations (jl])-©, the Petrov-like conditions ([7]) can be expressed in terms of the 
Brown- York tensor. When the induce metric and the intrinsic curvature are fixed for the 
cutoff surface, we find that the only dynamical variables for gravity are the Brown- York 
tensor. 

In the absence of matter fields, the Petrov-like condition on Ec gives sis^^ — 1 equations 
of the Weyl tensor. It reduces the ^p^'^^^p^^^ components of the extrinsic curvature Kab to 
p + 2 unconstrained variables, and so is the Brown- York tensor, which may be interpreted 
as the energy density, velocity field and pressure P of a fiuid living on the hypersurface. 
The p + 2 momentum and Hamiltonian constraints on Ec then become an equation of state 
and evolution for the fiuid variables. However, without any further expansion in the fiuid 
described here has rather exotic dynamical equations 24] • In the following section, we will 
do this expansion around a large mean curvature limit and get the familiar hydrodynamical 
equation in the near horizon limit. 

In the presence of matter fields, obviously we need further impose appropriate boundary 
conditions for matter field to constrain the degrees of freedom of matter on the surface such 
that the total remaining degrees of freedom is what we need for a fluid living on the surface. 
In general, such boundary conditions depends on the content of matter fields as well as the 
property of the dual fiuid. Obviously, a better understanding for Strominger's boundary 
condition should be of benefit to find boundary condition for matter field. Now let's recon- 
sider Strominger's Petrov like boundary condition. For the gravity/fiiud correspondence, 
the bulk is a p+2 dim manifold which contains horizon and a time-like boundary [itI]. For 
vacuum case, such system can be controlled by the initial-boundary value problem(IBVP) 



method 



251 . Based on the work by Friedrich and Nagy, it is easy to see that Strominger's 



boundary condition is closed related with free boundary data of IBVP. In other words, we 
can say Strominger's boundary condition is coming from the free boundary data of IBVP 
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of vacuum Einstein system. This observation gives us a guideline for searching a suitable 
boundary condition for matter field. In this paper we intend to take the electromagnetic field 
as an example and propose a boundary condition which is very analogous to the Petrov-like 
condition for gravity. Specifically, the energy-momentum tensor of the electromagnetic field 
is given by 

Tjxu -^g^yFpfjF^ F^pFJ'. (10) 



25| , we propose the boundary condition 



Based on the result of IBVP of Maxwell field 
for the Maxwell field to be 

F^Di = FpJ^w!; = 0. (11) 

Physically, such a boundary condition can be intuitively understood as there is no outgoing 
electromagnetic waves passing through the cutoff surface. Similarly as we fix the induced 
metric hab on the cutoff surface, we also fix Fab\Y.ci which could be regarded as the Dirichlet- 
like boundary condition. Here a, h stand the components on hypersurface. Mathematically, 
these equations give p + constraints for Maxwell field and only one component is 

remaining now. While we have the current conservation law DaJ"^ = 0. With identification 
ja _ _^^pfj.a boundary jsl, it gives 

- D,r = [ripFn = /i^V, {n^F'^^) 
= F'^^h'^^V^n^ + riph'^pV^F^^ 

= F^'^Kpp + UpnpWc.F^'^ + n^V„F^" = 0. (12) 

The perturbation of this conservation law will be presented in the appendix. It is clear that 
it gives a constraint to the Maxwell field. 

Based on the above analysis, we find the total degrees of freedom for gravity reduce to 
those for a charged fluid. This match makes it possible to construct a duality between 
the gravity and fluid. To prove this, the key procedure is to obtain the hydrodynamical 
equations for a fluid from the bulk Einstein equation. This is what we intend to do in the 
following sections. 
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III. FROM PETROV-EINSTEIN TO NAVIER-STOKES IN CHARGED ADS 
BLACK BRANE 



In this section, we investigate the dynamic behavior of the geometry on a flat embedding. 
Specifically, taking a timelike hypersurface in a charged AdSp^2 black brane, we impose 
boundary conditions for both gravity and Maxwell fields in terms of Brown- York tensor and 
electromagnetic field tensor. Then we expand the perturbations of the extrinsic curvature as 
well as the Maxwell field around a large mean curvature, which in our cases indicates that the 
cutoff surface approaches to the horizon of the black hole. We find that the incompressible 
Navier-Stokes equation can be derived with the help of the Einstein momentum constraints. 



A. Petrov-like conditions of Charged AdSp-^.2 black brane 

The spacetime we consider here is a charged AdSp+2 black brane. Its metric reads as 
c?4+2 = -f{'^)dt^ + '^dtdr + r'^6ijdx'dx^ , = 1, ...p), 

/('■) = F - + 

Here Q is the electric charge. Take an embedded hypersurface by setting r = such 
that the induced metric can be written as 

dsl_^^ = -f{r,)dt^ + r%jdx'dx^. (14) 

It is obvious that Sc is an intrinsically fiat p+1 dimensional spacetime. In order to discuss the 
dynamical behavior of the geometry in the non-relativistic limit, we introduce a parameter 
A which rescales the time coordinate by r = = Xy/f^t. The induced metric on Sc then 
could be written as 

dSp^-^^ = — {dx^)^ + rl6ijdx'dx^ 

= -^dr^ + r%jdx'dx^. (15) 

Moreover, we identify — rp. = a^A^ so that the limit A — )■ can also be thought of as a 



kind of near horizon limit [2^. Here is the horizon of bulk spacetime, namely, /(r/j) = 0. 
a is a parameter which will be fixed later. It turns out that a depends on the specific form 
of the spacetime metric. 



Then we turn to the Petrov-hke condition. The base vector fields taken here are 

11 1 

rui = -di, V2I = —^dt - n = do - n, V2k = ^dt - n = -do - n. (16) 

r Vf Vf 

in ([7]), so the Petrov-hke condition becomes 

CoiOj + Coijn + Cojin + Cninj = 0. (17) 

This equation may be expressed in terms of the Brown- York tensor on S^. Its components 
in the coordinate system (|T5l) are 

t=pK, fl = -Kl, t) = K6}-K}, tl = K-Kl. (18) 

In terms of the above variables, equation f|T7j) turns out to be 

2 _ . t , . . ^ ,t , .2 



= ^^I^J + ~ + ^T^y + "^^dri-hij — tij) — — D(jtJ) — tikt'^ 

1 



+^{Tspn^n' + 2A + T + Too - 2Tson')g,^ - T^j. (19) 

Now we need to express the energy-momentum tensor T^^ as the electromagnetic field 
tensor F^^. This will involve the rise of lower index of the p + 2 dimensional variables F^y. 
Since the Maxwell field is p + 2 dimensional, and the bulk metric is disturbed, it should 
be more cautious to deal with the Maxwell field. To express the energy- momentum tenser. 



we also need the behavior of the metric. Based on the method in [2J], what we need is 
only the near horizon metric because the boundary will approach to the horizon under the 
large mean curvature limit. To control the near horizon metric, Bondi-like coordinates are 
always a convenient choice. This means that we could fix Qrt = 1 and Qri = on Sc, which 



is equivalent to g"^*^ = 1, g^^ = 28|. Here i is the pure space component index. With 
metric (fT3!) and (fT6|) . the boundary condition for electromagnetic field could be written as 
-^tilsc = ^iid -Fjjlsc = 0- Together with constraints ffTTj) . it leads to = and F** = 0. 
With these constraints for Maxwell field and the specific coordinate we have chosen, F^" 
and F^" could be written as in terms of F^^, on Sc. 

\rc Fjjj., F Ftrg ) ^'^\tc 0, 

F'iU = F\l^ = Q, F,%. = Ftrg". (20) 
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After some straightforward calculations (see appendix A for details), the Petrov-like condi- 
tion f|T9|) can be written as 

2 f t 2 ^ 

= -j^t^f^j + -^hij — -Khij + t^tij + 2Xdr(-hij — Uj) — —D^^if^j^ — Uktj 

+ ^{\^fFrrFrr + 2A)6}. (21) 

So far, all the calculations are exact. Next we will disturb the Einstein-Maxwell field in 
order to get the hydrodynamic equation. 



B. Perturbation of Einstein-Maxwell field 

Through this paper the induced metric of background is fixed such that the dynamical 
variable is the extrinsic curvature. We consider the perturbations of the extrinsic curvature 
on the cutoff surface. For the charged AdS black brane, it is straightforward to obtain the 
components of the extrinsic curvature of as 



= — K'^ = —d f 



Kl = 0, K=^drf + S^. (22) 

The spacetime is disturbed by adding a corresponding term which has a higher order than 
the background. In terms of Brown- York tensor, these are 

tj ^ + Xtf^ + ■■■, 

t -4=a./ + ^ + AtW + --.. (23) 

All the perturbation terms are at order O(A^). The next key step in our formalism is to 
consider the behavior of these perturbations as the cutoff surface approaches the black brane 
horizon. As mentioned above, our strategy is identifying the perturbation parameter A with 
the location of the hypersurface Tc — Vh = x hy x = a^A^, such that the near horizon limit 
can be achieved simultaneously with the non-relativistic limit. As a result, the following 
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quantities should also be expanded as 

1 1 / x\ 11 



+ ■ ■ ■ = T^a^y + ■ 



= 6x + cx^ H = he?}? + ca^A^ H , 

= + 0'^^^ + ■■■ . (24) 

Here the brief notes & = - + c=l + + ^^"^^^l;^^)'^' and ^ 

= 2a2A^^ij j^g^^g ^gg^ ^gg^_ 

Now we consider the perturbations of the Maxwell field. The background field of AdSpj^2 
black brane is 

F = ^/p{p-l)^dt Adr = Cdt A dr, (25) 

where Q is the electric charge and C = \/ pij) — 1)^. The perturbation of Maxwell field can 
be written as 

i^.. = l^^ + ^J°^- (26) 

There is a need to explain why we take this perturbation. The order of is 0[}r^^ 
before we identify the non-relativistic limit and the near horizon limit. So the perturbation 
has just a higher order than the background. This is a natural way. In order to calculate 
the order of the electromagnetic field with upper index, we need to work out the order 
of the inverse metric. Here we point out that under app ropriate coordinates, there are 
g^-^ ~ 0(A2), g" ~ C>(A2), g'i ~ 0(A°), {% = l,...p)|28[. With these preparations, the 
Petrov-like conditions f l2T]) on Sc turn out to be order by order 

A° : ^tf^ = 2U'^'hfhf^ - 2K'^%fl, + ^—5] + -iCl + 2A) 5). (28) 

Here Ch = \/p{p — 1)-^ is a constant which is relevant to the background electromagnetic 
field. It's obvious that the background (A"^ order ) satisfies this condition automatically. 
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C. Navier-Stokes equation in charged AdS black brane 



At last we come to the momentum constraints on Ec- Since Sc is intrinsically flat, the 
momentum constraints can be written as 

a„t? = r^fen^ (a,6 = 0,...p). (29) 

The time component on the left-hand side could be expanded as 

d^t^ = drtl + dii. (30) 

At leading order, there are 

drK = A9,t;W + 0(A2) = 0(A), 

= d, (f^v) = -x^^^^" = -^^^tj = o(A-i). (31) 

The time component on the right-hand side of (129|) is 

T^^n, = -^r; = -^F^'F,, = 0. (32) 
So the time component of momentum constraints at leading order turns to 

a^r^^) = 0. (33) 

Identifying 

2' p 2 ^ ^ 

We get the incompressible condition. 

div' = 0. (35) 

Then consider the space components of the momentum constraints. The left hand side could 
be expanded as 

d^t^ = drtj + dktl (36) 

At leading order 

dktl =A4tf^')+0(A2). (37) 
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The right hand side is 

Ttn, = -^T[ = [F^^Fu + F^^ F,,) = 0. (38) 

So the space components of the momentum constraints turn to 

drt:^'^ + a^tf ^ = 0, (39) 
Combining with the identifying equation (!34|) and (!28|) . we get 

drVi + diP+^ {v'dkVi - d'dkVi) = 0. (40) 

yo 

So we see that a should be fixed to be y/b, which leads to 

drVi + d^P + v''dkV^-d''dkVi = 0. (41) 

This is exact the incompressible Navier-Stokes equation in p space dimensions. 



In general, the hydro dynamic equation for a charged fluid is 29 1 



drVi + diP + v'dkVi - d'dkVi = Fiar. (42) 

Here a contains i and r. In this equation there is a term caused by the external electro- 
magnetic force. However, since Fab\rc = on the cutoff surface for the charged AdS black 
brane, the right-hand side of the Navier-Stokes equation vanishes. In section V, we will 
demonstrate that an external force does arise when the background electromagnetic field 
Fab\rc 7^ 0, which correspouds to hydrodynamics of a magnetofiuid. 

IV. FROM PETROV-EINSTEIN TO NAVIER-STOKES IN RN-ADS SPACETIME 

The hypersurface in charged AdS black brane is intrinsic fiat. Now let us consider an 
intrinsically curved hypersurface in Reissner- Nordstrom- AdS (RN-AdS) spacetime and study 
the influence of the space curvature. The bulk metric is 

dsl^^ = -fir)df + 2dtdr + r^dQl, 

/w = i-J^ + + («) 

Here dQp is p-dimensional spherical metric which could be written as 

dn^ = del + sin^e^del + ■■■ + sin^Oi ■ ■ ■ sin^ep-idel (44) 
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The metric of the embedding hypersurface Sc at r = Tc is 

dsl+i = -f{rc)dt^ + r^.dnl. (45) 

Introducing a coordinate transformation r = = AvTct, the induced metric could be 
written as 



= -^dr^ + rldnl. (46) 

The form of the extrinsic curvature is just the same as that of charged AdS black brane. 
While the Newman-Penrose-like vector fields for RN-AdS take the following form 

rrii = — . „ V „ — di, V2I = -^dt - n = do - n, V2k = —^dt - n = -do - n. (47) 
rsinUi...sinUi_i a/j V/ 

The explicit expression of the Petrov-like condition is the same as f|T7|) . 

Introducing Brown- York tensor tab = Khab — Kab, the Petrov-like condition in intrinsically 

curved spacetime with matter field could be written as. 

2 t'^ t t 2 

= -^tlVj + -^hij — -t^hij + f^Uj + 2Xdr{-hij — Uj) — -^Di^ifj^ — Uktj 

+^iTs(sn^n' + 2A + T + Too - 2Tson')g,, - T^, - ^+^R,, . (48) 

Here ^^^Roioj = has been considered. 

Now it is needed to express T^^ in terms of the electromagnetic field F^^. As have done 
after f|T9|l . we choose the same coordinate and constraints for electromagnetic field. After 
some similar calculations, ( HHl) turns to 

= + ^hij - Ulhij + tlUj + 2\drC-hi, - Uj) - - Ukt] 

+ - [X^fFrrFrr + 2A) 6] - Rij . (49) 

Here ^^^Rij is only relevant to the pure space components 9i and has the order 0(A°). 

Now we consider the perturbations of the Einstein-Maxwell field. Let us think about 
gravity firstly. Taking Brown- York tensor as the fundamental variables, the perturbation of 
gravity has just the form of fl23l) . 

Identifying Vc — Vh = x with a^A^, we get the following expansion 

fire) = 1 ^ I ^\ ^ I ("^ + ^^' 

(r/j + x)^ ^ {vh + xf^ ^ l"^ 

= bx + cx^ + --- = ha^X^ + ca^X^ + ■■■ . (50) 
13 



Here b = -^2^ + + ^ and c = + ^'('S-''^^ + ^ . 

The perturbation of electromagnetic field takes the same form as equation ( 126|) . At the 
first non-trivial order, it gives 

A" : ^ff ) = 2/i*'=(o)t^(^)tf ) - 2/i*^(o)t:(l\ + ^—6] + -(Cl + 2A) 5] - P+'m. (51) 

Here Ch = \/p{p — 1)-^ is a constant which is relevant to the background electromagnetic 
field. 

Now considering the momentum constraints on Sc, 

DX = T^„n^, (a,6 = 0,...p). (52) 
The time component gives at leading order 

At"^^^ = 0. (53) 

Identifying 

2 ' p 2 



the incompressible equation is derived 

Div' = 0. (55) 

The space components of the right hand side turn out to be zero which is similar to (!38|l . 
With equations fl5T])fl55l) we get 

drVi + DiP + ^ {vWjVi - DWjVi - R{vj) = 0. (56) 

from the momentum constraints. Here i?^ oc 7^ has been considered since the pure space 
has a spherical metric. Again let a = Vb, we get the standard incompressible Navier-Stokes 
equation in spatially curved spacetime. 

drVi + D,P + vWjVi - DWjVi - Rjvj = 0. (57) 

Compare to the situation of intrinsic fiat hypersurface, the hydrodynamic equation in 
intrinsic curved hypersurface has an extra term which is relevant to the Ricci tensor of 
the boundary. Similar to the case of charged AdS black brane, the electromagnetic has no 
influence on the hydrodynamic equation. This is a natural result because of the boundary 
conditions we have taken. Fab\rc = isolate the influence of the electromagnetic field and 
lead to the incompressible Navier-Stokes equation. 
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V. THE SITUATION OF MAGNETIC REISSNER-NORDSTROM BLACK HOLE 



In previous sections, the background electromagnetic field on the cutoff surface vanishes. 
This leads to the incompressible Navier-Stokes equation in the first non-trivial leading order. 
Now we consider a 4-dimensional magnetic black hole with metric 

= -fir)dt'^ + 2dtdr + r^rffij, 

fir) = m 

Here P is the magnetic charge and the electromagnetic potential is 

A = P cos #. (59) 

So the electromagnetic field tensor F = —PsmOdO A dcj). The space component is no longer 
zero. It is expected that this term will lead to the external electromagnetic force in the 
Navier-Stokes equation at last. F^^ and F^^ could be written in terms of F^^y on Sc as 

F'\^ = Fir, F%^ = Ftrg" + Fk.g^'g^^, F'^\,^ = Fi^g''^ g'\ 
F\\r. = Frtg'\ F\\r^ = Fkig'^ , F,% = F,,/\ (60) 

With the method in section IV, the Petrov condition takes the form 

+^ (^-^FrrFk^g'''g" - jFi^Fk^g^'g'^g^^ + X^fF^rFrr - ^F.^Fi^g'^g^' + 2A^ 5} 
+FimF,kg''g"''. (61) 

Next we should think about the perturbation of Einstein-Maxwell field. The perturbation 
of gravity has just the form of (1251) . but the perturbation of Maxwell field now should take 
the following form 

F,, = fW + 0(A) (62) 

since the background value of Frt is zero. Similar to the situation of RN black hole, we have 
the expansion near horizon 

fire) = 1 ■ — + 



rh + x {rh + x) 
bx + cx^ + --- = ba^X^ + ca^X"" + ■ ■ ■ , (63) 



15 



where b = — — and c = + At the first non-trivial leading order O (X^), the 



32 

- ^ and c = ^ + - 
Petrov-like condition gives 



Now we come to the momentum constraints. It is easy to show that the time component 
still gives the incompressible equation DiV^ = under identification ( 134|) . 

However, the space components of the momentum constraints turn out to be different to 
the previous results. The left hand side of the momentum constraints still gives the form 
the same as previous section. The right hand side gives 

Ttn, = = -^F^'F^r (65) 

Since = Xy/jFrrg^'^ + F^jg^'^g^^ ~ O (A^), the order of the right hand is O (A) in the 

near horizon limit. With identification —n^F'^"' = J'*, we get the external electromagnetic 
force term FijJK Again let a = Vb, the first order of the space components turns to be the 
standard incompressible magnetofiuid equation 

drv^ + DiP + vWjVi - DWjV^ - Rivj = F^jjK (66) 

This is the expected form as equation fH^ . where the external force term comes from the 
background electromagnetic field on the cutoff surface. 



VI. SUMMARY AND DISCUSSIONS 
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261 . 12 7| to a spacetime 



In this paper we have generalized the framework presented in 
with matter field. We have demonstrated that with the help of Petrov-like condition and 
Einstein-Maxwell constraints, the incompressible Navier-Stokes equation can be derived for 
a charged fiuid living on the cutoff surface which is embedded into a charged AdS black 
brane, RN-AdS black hole and magnetic black hole respectively. During the derivation im- 
posing appropriate boundary condition for the Maxwell field is crucial. In order to find a 
suitable boundary condition, we use the result of initial boundary value problem of Einstein 
system and Maxwell system. This also give us a guideline for searching boundary condition 
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of general matter field. This also give us another way to understand the gravity/fluid corre- 
spondence in terms of the evolution of partial differential equations. Since the background 
electromagnetic field on the cutoff surface is fixed , the matter field does not generate extra 
contributions to the incompressible Navier-Stokes equation in the charged AdS black brane 
and RN-AdS spacetime due to the fact that Fab\rc = 0. However, for a black hole with 
magnetic charge, the background electromagnetic field on the cutoff surface is not zero, its 
coupling with charges of the fluid contributes an external force term to the hydrodynamic 
equation. 

Now the holographic character of Petrov-like condition has been further disclosed in the 
spacetime with electromagnetic field. We conjecture that it should be a universal method 
to reduce the Einstein equation to the Navier-Stokes equation for a general spacetime in the 
presence of a horizon. 

In this paper, the correspondence between gravity and fluid is feasible at the near horizon 
limit, while with the method of directly disturbing the bulk metric, the Navier-Stokes equa- 
tion can be derived on arbitrary finite cutoff surface. So we wonder whether the method 
in this paper can be applied to the non-near horizon limit. This might be taken as further 
investigation. 
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Appendix A: Calculations of the energy-momentum tensor of electromagnetic field 

Now we will show the concrete details that how to get equation (!2Tll from ( IT9ll . By 
definition 

T = -a F F'"' - F FP 
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we have 



p-2 
T — - F 



-I' 00 — J -I- tt — — ^-TpCT-T — J^f^p^t ' 

1„„ 1 



Tson' = T^ns = ^n, = j:T[ = -jF^^Ftp, 
— -r^* F FP"" — F^P F- 

The second hne of equation f[T9|) then turns to 

-{Tspn^n' + 2A + T + Too - 2T5on^)5} - T] 
=\'y-\^p-^'" - jF'pF^' + 2A - jFtpF, " + jF'PFt,)S] + F^pF,,. 
With equation ( l20i) . it is easy to work out 

~^F,,FP'^ = [FrtF^' + FtrF'^ + F,,F'i) = F^tF^t, 
-jF^-pF^-p = -J {F\F'' + F\F") = jFrtFrtg"', 
-jFtpFt' = -J {FtrF/- + FuF,^) = -jF,,.F,r9^\ 



2 2 
-F'PF, = - 

f f 



F'PFtp = -F"Fu = 0, 



F'PF,, = r'^Fjk = 0. 



So we have 



-{Tsfsn^n' + 2A + T + Too - 2Tson')Si - T] 

=-[2A + FrtFrt]6} 
p ■' 

=-[A2/F,.T,. + 2A]5}. 
p ■' 

Considering the perturbations of electromagnetic field 

F = ^ Ch + T(°) 
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We finally get 

-{Tspn^n' + 2A + T + Too - 2T,on^)5} - T] 
=-{Cl + 2K)5] + 0{\). 
The situation of RN black hole and magnetic black hole are similar. 



Appendix B: Hamiltonian constraint of charged AdS black brane and RN-AdS 
spacetime 

The Hamiltonian constraint is 

P+^R + K^^K^^ - = 2A + 2T^^n^'rf. 
In terms of tab = Khab — Kab, it turns to 

P+'R + {t;f - —^tlt] - - + f£ = 2A + 2T^,n^n^ 



The second term on the right hand side 

2 

= — [X^ f FrrFrrg"^^) — X^fFrrFr- 

= ijf^ - l)Cl + 0(A) 

Hamiltonian constraint at order is automatically satisfied: 

J5 P_^n 

4A2 4A2 

In charged AdS black brane, the subheading order A° gives 

pb 



In RN-AdS, the sub leading order A° gives 



Here ^+^7? is the scalar curvature of the hypersurface. 
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Appendix C: Current conservation law 



Since g" ~ C'(A^), and 

f = UrF" 

The first non-trivial leading order 



= X^g^F^r = g"C + \^fg"F^'J. 
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